The purpose of this work is to study the zeros of linear recurrence sequence, with constant coefficients. We give a simple proof of well known Skolem-Mahler-Lech theorem. The advantage of this work is similar to the one done by V. Halava and collaborators, but in a simple way. We study the problem when the general term of the recurrent sequence is of exponential polynomial with some initial conditions that simplify the problem.
Introduction
In this section, we give some basic concepts and well-known results about linear recurrence sequences which are needed in the later section. Let (u n ) n∈N be a k − th order linear recurring sequence defined by 
for all n ≥ k with fixed algebraic numbers s i and u j for i = 0, ..., k − 1 and j = 0, ..., k − 1.The k first elements u 0 , u 1 ............, u k−1 of the linear recurrent sequence (u n ) n∈N in (1) are called the initial conditions. If the initial conditions are given, every element of the sequence is uniquely determined by the recurrence (1). Every recurrent sequence satisfying (1) has a characteristic polynomial
its zeros are called the characteristic roots. We assume that s 0 0, then each characteristic roots is different from zero. We let α 1 , α 1 , ..., α r , with multiplicity m i , 1 ≤ i ≤ r, be the distinct characteristic roots of (u n ) n∈N , then there exist unique polynomials h i (x) for i = 0, ..., r with degh i ≤ m i − 1, such that for each n ∈ N, we have
For a sequence (u n ) n∈N , we define its set of zeroes by
Here, an infinite arithmetic progression is a set of the form a + bZ where a ∈ Z and b is a positive integer. The following result is the well known Skolem-Mahler-Lech theorem. One of the most well known linear recurrence equation is that for which u n = 3u n−2 − u n−4 with the initial conditions ( u 0 ,,u 1 , u 2 , u 3 )= (0, 0, 1, 0) . The sequence is given by
And the set of n such that u n = 0 is the union of the finite set {0} and the the arithmitic progression {1, 3, 5, ...} .
To give a short history of the problem, it was first proved by T. Skolem in 1934 for a linear recurrence over the rational numbers. The result of Skolem was later proved for a linear recurrence over the algebraic numbers, also by Mahler in 1935 and by Lech in 1953 for arbitrary fields of characteristic 0. The result of Skolem-Mahler-Lech, also has been proved by Laxton [1968] , Mignotte [1973] , Van der poorten [1976] , and Robba [1977] . Recently, V. Halava, T. Harju and J. Karhumaki [2005] presented the proof of a special case of Skolem-Mahler-Lech theorem in a form given by G. Hansel [1986] . The employed methods of proof of his different results are difficult.
In this paper we shall give a simple proof of the well known Skolem-Mahler-Lech theorem. The advantage of this work is similar to [V. Halava, 2005 ] , but in a simple way. We study the problem where the general term of (u n ) defined in the field Q p by
and we suppose that for each i (i = 1, ...r), the roots α i satisfy α i ≡ 1(mod p), and we will apply the following theorem:
Theorem 2. Let p > 2 be a prime number and d i any sequence of integers, and define
If b n = 0 for infinitely many n, then b n = 0 for each n.
For a proof, see for example [V. Halava, 2005] .
Valuations of algebraic numbers and p−adic power series
For convenience we review a few facts about valuations of number and some proprieties of power serie. For a more comprehension we refer to [A. M. Robert, 2000] and [S . Katok, 2000] . Let p > 2 be the prime number. The valuation of an integer x then can be defined as follows We normalise these valuations as follows
|.| p is a non-Archimedian norm in Q. The distance induced by a non-Archimedian norms is said to be an ultrametric. Instead of the triangle inequality for the usual distance function
it satisfies the strong triangle inequality
Notice that if a, b ∈ N, then a ≡ b(mod p n ) if and only if |a − b| p ≤ p −n .
We define the field Q p to be the completion of Q with respect to the p-adic norm |.| p . Q p , |.| p is a complete normed field. The set of the p-adic integers is denoted by
It is easy to see that
Lemma 3. If the elements x, y of a non-Archemedian field satisfy the inequality ||x − y|| p < ||y|| p , then ||x|| p = ||y|| p .
where S i is the sum of digits of i written in base p. From the formula
we obtain
] is an expression of the form
It is clear that it converges if and only if |a n x n | p → 0. In particular , every f (x) ∈ Z p [[x] ] converges in the disc
wich is called the logarithm in base p.It is clear that f (x) converges in
and diverges otherwise.
Similary, we define the p − adic exponential and denoted by
wich converges in the disc
Main Result
In this section, we present the simple proof of Skolem-Mahler-Lech theorem. The content of the simple proof of our main result is the following: 
